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Extension of /;-Optimal Robust Tracking
to the Multivariable Case

Craig N. Scott* and Lincoln A. Wood®
Royal Melbourne Institute of Technology, Melbourne, Victoria 3001, Australia

Previously, a complete approach to forming controllers for single-input/single-output plants was presented.
These controllers were designed to track a specific maneuver in the presence of disturbances, sensor noise, and
uncertainty in the plant model. By use of a simplified version of the Youla parameterization, the process was split
into two optimizations, referred to as tracking and robustness. The method is extended to plants with any number

of inputs or outputs.

Nomenclature

D¢ = denominator feedback part of controller, D/
d = denominator of right coprime factorization

of the plant, d/ r
Ir = stable polynomials
N¢, = feedforward part of controller
N¢, = numerator feedback part of controller, N, /1
n = numerator of right coprime factorization of the plant, 2/ r
P, = linear plant model, nd ™', d~'71
R = arbitrary matrix of stable, rational polynomials
u = plant inputs
W,_4 = weighting filters on the respective inputs (for

multi-input/multi-output plants, these are diagonal

matrices of weighting filters)
Wi = command references,

Wi
Wl_nl Wy p = WI_DIW

W, = disturbance inputs
ws = sensor noise inputs
wy = modeling error inputs
X = matrix of stable, rational polynomials, ):(/l
X = matrix of stable, rational polynomials, X/
Y = matrix of stable, rational polynomials, ¥/ /
Y = matrix of stable, rational polynomials, y//
y = plant outputs
@ = tracking error, w; —y

I. Introduction

TECHNIQUE was detailed in Ref. 1 that allowed controllers

suitable forreal-worldimplementationto be formed in the time
domain. When we used a simplified version of the Youla parameter-
ization (see Ref. 2) the task was splitinto two independentoptimiza-
tions, tracking and robustness. The latter of these two optimizations
shall be referred to as the regulation problem for reasons to be dis-
cussed later. In the tracking optimization, the /; norm of both the
tracking error and the actuator demands were minimized. This kept
the tracking error low but also penalized excessive actuator usage.
The regulation optimization minimized the /; norm of the transfer
functions relating the disturbances, sensor noise, and modeling er-
rors to the tracking error and actuator demands. This minimized the
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worst-case response of each of these transfer functions, making the
controller optimally insensitive to these environmental effects.

To make the method easier to follow, only single-inputkingle-
output (SISO) plants were considered in Ref. 1. This paper now
extends those derivations such that optimizations can also be per-
formed for multi-input/multi-output (MIMO) plants. The tracking
optimization requires only minor modification, but the regulation
optimization is substantially more complicated. Similar to the ap-
proach taken in Ref. 3, the objectives of both optimizations are no
longer/; norms, but instead, the /; norm of each element of the ma-
trices appearing in the objective is minimized. This is a significant
departure from conventional/; methods.

A common problem with many approaches based on the Youla
parameterizationis that the notation easily becomes very cluttered
and cumbersome. This is dealt with directly in this paper in an effort
to maintain some form of consistency in the derivations. A number
of operators are introduced to make the work more compact and
easier to follow (see Appendix).

II. General Problem Setup

In forming stabilizing controllers, some general constraints need
to be satisfied. These guarantee that the controller will not cause
either internal or external instability of the system. Figure 1 shows
the block diagram of the system, including a multiplicative uncer-
tainty in the plant model (this format for multiplicative uncertainty
was derived in Ref. 1 and applies to the MIMO case also). Because
this format uses the Youla parameterization,the full Bezout identity
must be satisfied as part of ensuring stability:

[_Y,; ﬂ [: _ﬂ =/

An equivalent way to express this using only the plant and con-
troller coprime factorizationterms is straightforwardto derive. Us-
ing Eq. (1) with Egs. (2-4) gives the result of Eq. (5):

)]

Ne, =X + Rd 2)
Dc =Y —Rn (3)
Py=nd'=d'i 4)
= Ne,n+ Ded =1 Q)

Enforcing Eq. (5) ensures that the controller stabilizes the plant
for disturbances and sensor noise, but not necessarily for model-
ing errors. This must be done by adding another constraint to the
problem. In the SISO case, it was stated that this was achieved by
enforcing[WanNe |l peak gain <1. The resultis similar for the MIMO
case, as will now be derived.
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Fig.1 Two-degree-of-freedom controller.

Because N¢, and N, are both stable, these blocks in Fig. 1 will
give bounded outputs for bounded inputs. Therefore, to guarantee
internal stability for the system, it is sufficient to ensure that the
outputs from the controlleru and from the planty are both bounded
(w_4 are assumed to be bounded inputs). The following derivation
is adapted from Ref. 4.

Consider the controller output, obtained by tracing back along
the signal path around the feedback loop:

u= DEI{Nclwl = Ne,[Waws + Po(Wawy + Wow, + ll)]}

= D_'New, — DZ'Neynd™"'Wow, — DZ'Ne,Wsws

— D'Neynd™'Wyw, — DZ'Ne,nd™'u 6)

By the use of Eq. (5), the substitution D;' N¢,nd~! =(D;'d !
— I') can be made that allows the expression to be simplified to

u =dNC|w1 - (I - ch)W2W2 - dNC2W3W3 - (I - dDC)W4W4
)

From Ref. 1, wy = A(u + Wow,), which is true for the MIMO as
well as the SISO case, allowing the following to be written

[1+ I - ch)W4A]u = chlwl

- (I - ch)(W4A + I)W2W2 - dNC2W3W3 (8)

By the Youla parameterization, all of the terms on the right-
hand side of Eq. (8) are stable, so that if u is to be bounded,
[1 + (I —dD¢)W,A]™! must also be stable. When we use the main
result of Ref. 5, which relies on the small gain theorem, this is
guaranteed if and only if ||(1 —dD¢)W,||, <1. If this condition
is satisfied, u is bounded and, by consequence of the relation
w, = A(u + Wow,), w, is alsobounded. This will be usefulin show-
ing thaty, too, is therefore bounded. Again, the derivationis begun
by tracingback along the signal path, this time from the plantoutput

y= nd_l {W4W4 + W2W2 + DC [NC|w1 - ch(Wj;Wj; +y)]}
(I +nd™'D'Ne,)y = nd™" DZ'New, + nd™'Wow,

—nd_ch_lchWgw3 + nd_1W4W4 (9)

Premultiplyingby DcdNc, and using Eq. (5) lead to

y= nNCle + nDCW2w2 - nNC2W3W3 + nDCW4w4 (10)

Because all of the terms on the right-hand side are bounded,
it follows that y must be bounded also. Therefore, by enforcing
Eq. (5) and the condition ||(I —dD¢c)W,||; <1, the controller is
guaranteed to stabilize the system. Nevertheless, nothing has yet
been said about the sensitivity of the controllerto the environmental
effects. To minimize the sensitivity to disturbances,etc., use is made
of the closed-loop map, a matrix equation relating the reference
demands and environmental effects to the actuator demands and
tracking error. By our tracing signals around the loop, the MIMO
closed-loop map can be written

{u}z dN¢, ‘(D¢ — )W, —dNe,Ws (dDe — DW,
¢ I - nNCI

—nDc W, —dNc,W; —nDcW,
wi
x { W2 )
w3
Wy
Uy U u
¢ b ¢35 ¢y
W4 (12)

Our using the Youla parameterizationin this way allows the prob-
lem to be partitioned as shown, as was done in the SISO case. N,
and the N¢, and D pair can then be determined independently.

III. Tracking

The tracking optimizationis concerned with obtainingu* and ¢*
(or, equivalently, N¢,). These terms depend only on w; and repre-
sent the optimal actuator demands and tracking error when there
are no disturbances, etc. The main differences between the SISO
and MIMO derivations are that w;, u*, and ¢* become vectors of
polynomials (or equivalently, vectors of time sequences) and the
polynomial ¢ in the SISO case is replaced by a matrix of polyno-
mials N¢,. The plant’s coprime factorization will also be slightly
different because n and d cannot just be set to the numerator and
denominatorof its transfer function when the plantis not SISO (this
was equivalent to setting » = 1). Methods for determining n and d
can be found readily, for example, in Ref. 2.

The steady-state actuator also becomes a vector, but it is related
to u in the same way as for the SISO case

u=>01-z7Y"ug +a
= h_luss +u (13)

With this notation and the S operator, the constraints for the
MIMO problem can be recast from Eq. (11) to the following form:

[wwlm

—S(w, hd)} ;
col

Sw, i) (Nc])

_ {_rWIADuSS} (14)

rw

(hrwln)l

The objective for the SISO problem consisted of the sum of the /;
norms of # and ¢. In the MIMO problem, the sum of the /; norms of
each elementof # and ¢ is taken. This ensures that the optimization
does not just minimize the worst channel, but instead considers all
channels at once, leading to better overall performance. If the plant
has p inputs and g outputs, the objective can be written as

q P
min{Kl > gl + K2Z||a_,-||l} (15)

j=1 Jj=1
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For this objective to be suitable for a linear program, the same
substitution employed in the SISO case is useful

p=0¢" —¢~ u=u"-—u" (16)

To make the final result more compact, some shorthand will be
used. Note that the subscripting for the following M; terms has been
changed from the SISO case to make the subscript ordering more
logical:

M, = (hrwy )1 (17)
My = (rwi,)1 (18)
M; = —S(W, hd) (19)
M, = S(w, i) (20)

By ourusingthe substitutionsof Egs. (16-20) the MIMO tracking
optimization can be expressed as the following linear program:

g k-1 p_ k-1
mint s Y (9] +97), 4w D> (5 +ay),
j=1i=0 j=1i=0
a*
(M) —(M,) (M) .
"[ (Ms) () <M;>} o
col(NCl)

= [ Tolss at,a, ¢ =0
rw 21)

where the i subscriptin the objective refers to the ith coefficient of
the terms inside the parentheses.

IV. Regulation

The regulation optimization is concerned with finding N¢, and
D . Together, these two terms dictate the system’s response to dis-
turbances, sensor noise, and modeling errors. In the SISO case,
this part of the problem was called the robustness optimization, an
extension of the usual meaning that normally only applies to the
modeling error component. A more accurate description would be
that the controllerregulatesthe response due to these environmental
effects, and so to avoid confusion with the conventional use of the
term robustness, this optimizationhas beenrelabelled the regulation
part of the problem.

In the SISO case, converting Eq. (11) into linear programming
form was relatively easy because the terms could be reordered as
desired. In the MIMO case, however, this is not so because matrices
are involved. Some internal reordering of the matrices is necessary
to put the constraints in a form suitable for a linear programming
optimization. Consider the transfer function matrix relating the dis-
turbances to the actuator demands,

U, = (dDc — DHW, (22)
col;(us) = col;(dDcW5) — col; (W) (23)

The problem with this is that the unknown D is postmultiplied
by W,. Before this constraint can be included in a linear program,

all unknowns must only be premultiplied. The diagonal structure of
W, can be exploited to achieve this

CO],‘(MQ) = WQidCOli(Dc) - CO],‘(WQ) (24)
CO]](MQ) W2I d CO]](Dc) CO]](WQ)
CO]Q(MQ) = Wde CO]Z(DC) — C0]2(W2)
(25)
COI(MQ) = D(WQ, d) COl(Dc) - COI(WQ) (26)

The u;_4 and ¢,_4 transfer function matrices can be expressed
similarly. Equation (5) suffers a similar problem in that the un-
known N¢, and D, terms are postmultiplied by a matrix, but this
time it is not by a diagonal one. The method for converting this into
linear programming form is most easily shown by example. Con-
sider two (2 X 2) matrices, a and b being multiplied together, where
the unknown a matrix is postmultiplied by the known matrix b. By
the explicitexpansionof the operation, the unknowns can be moved
to the right

by, by, an

ay ap||by bp _ by, by, as 27
Ay axn || by by by, by, ap
by, by, | lax

= Eb7,2)col(a) (28)

Indeed, the equivalence of Eq. (28) holds for any pair of square
matrices, not just (2 X2) matrices. When we use this result, for a
plant with p inputs, Eq. (5) can be expressed as

ET", p)col(De) + E(n”, p)col(ch) =col(/) (29)

Two other constraints must also be included in the constraints.
The first ensures that the controller stabilizes all plants within
the uncertainty set, the condition for which was derived earlier as
[|(I —dD¢)Wyl|| <1. This can be expressed more compactly as

llually <1 (30)

The second and final constraint accounts for the computational
delay inherentin any digital controllerimplementationby setting the
7% coefficientofall polynomialsin N, to zero. The reasoningbehind
this is the same as the SISO case of Ref. 1. In linear programming
form, this constraint is equivalent to setting the first term in each
N¢, sequence to zero.

The objective of the linear programis formed in the same way as
for the SISO case, making the substitutionsu, =u; —u; and so on
to remove the nonlinear norm operations (the uncertainty constraint
is also handled in this way). Unlike conventionall, objectives, how-
ever, the [, norm of each element of the matrices are taken and
summed, just as was done for the tracking optimization of the pre-
ceding section. For example, for a plant with p inputs and g outputs,
¢, is included in the objective in the following way:

Z Z ” b2,

i=1j=1

(3D

1

This allows the optimization to minimize the responses in all
channels, not just the worst one. Assembling these alterations into
a complete linear program leads to Eq. (32).
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i=1j=1

min E

=0 +Kﬁii<¢;/+¢;/>t+@ii<¢;/+¢>4_,.,>t

i=1 j=1 i=1 j=1

(1) L (1)
(1) ; (1)
(1) ; (1)
(1) E ~(1)
(n —(1)

L &(p, k) &(p. k)

(NCZ)zO =0, uits ¢it =0

When the coprime factorization of the plantis such thatr =/ =1
andthe W, filters all have denominatorsof unity, Eq. (32) sufficiently
describes the problem. If this is not the case, these terms must be
explicitly included when converting to linear programming form.
Although the necessary adjustments are relatively simple, they in-
troduce the possibility of conservatism in the results. Consider the
uncertainty constraint when » and [ are not unity and the W, filter
has a nonunity denominator, W,

luall, <1 (33)
l(@De — DWWl <1 (34)
| (17w, ) dDe = W, |, <1 (35)

The 1/rlW,, term poses significant difficulty when converting to
linear program form, so the well-known triangle inequality for gains
(see Ref. 6, for example) ||abl|| <|lalll|?]] is used

|17riws, || idDe = rinWll, <1 (36)

All of the terms in the || 1/rIW,,||; norm are known quantities.
Using the triangle inequality has the disadvantagethatit allows con-
servatismin the constraint, and so the linear program may constrain
the optimization tighter than necessary. Also, a side effect of this is
that all of the objectivenorms also have the potential to be conserva-
tive because they, too, must use the triangle inequality. If the degree
of conservatism varies significantly between each of the objective
norms, then the relative weightings between them, specified by the
K;, is not reflected in the optimization results.

V. Example

As an example, considerthe large space structure (LSS) studiedin
Refs. 7 and 8. This plantis modeled on a structure with 18 actuators
and 20 sensors, which, through strategic groupings and placement
has a two-input/two-outputlinear model. The inputs are the actuator
groups at the primary and secondary mirrors and the outputs are
the line-of-sight sensors, also at the mirrors. For the purpose of
illustration, the maneuver chosen was a 0.05-rad step change in the
primary mirror angle, and a 0.03-rad step change at the secondary
mirror. This was to be achieved with optimal actuator demands not

_ col(u;)
—(D(W,, dy)| | col(u)
col(u:)
(D(Ws, d)) col(¢7) —col(Ws)
~(D(W,, d))| | eol(97) :)W
col(¢4+) ~ —col(Wy)
(D(Wy, n)) RS Bl B
col(uZ) 0
L —(D(Ws, ) col(u3) 0
(ow,my || ) col(h
col(p;) | . |.........
(e(n”, p)) (e(d”, p)) col(tP;) < 1
.............................. COI(¢4_)
| col(ch)
col(Dc)

P P P q P P q P
§ § + - § § + - § § + - § § + -
+ + + + + + +
1 K <u2i/ u2i/>t K <u3i/ u3i/>t 3 u4i/ u4i/ . = ¢2i/ ¢2i/ .
i=1j=1 i

i=1j=1

(32)

exceeding 1.0 in the first input channel and 0.8 in the second. The
emphasis of the design was to be on the tracking accuracy, but the
actuator demands were not to be excessive.

Because the LSS model has no poles on the stability boundary, a
step change in the plant output can only be maintained if a steady-
state actuator input is applied. This was obtained using the discrete
state-space matrices of the plant (discretized at 1000 Hz with a

zero-order hold)
xs | _|A B xs -
yo| |C D] |us 67
x| _[ca-1n B '[o0
P A N B

{00502 )
“ =1 0.0301

Using the continuous state-space matrices instead leads to a sim-
ilar matrix equation (the —I disappears) with the same result. The
only other information needed for the tracking optimization was
the objective weightings x; and &. The tracking accuracy was con-
sidered more important, and so x; = 20 and x, = 1 were chosen to
reflect this. Performing the optimization with the ¢ and & sequences
restricted to 100 terms gave the optimal results of Fig. 2.

The regulation optimization requires the operating environment
of the plant to be characterized. It was assumed that the environ-
ment of the LSS contained disturbances and a low level of sensor
noise, both of which had known maximums but unknown frequency
contents. They were, therefore, represented by constant W, and W;
matrices. Assuming the disturbances were no greater than 0.1 in
each input channel and that the sensor noise was no worse than
0.002, the weighting matrices were expressed as

w_ [0 0 “0)
1o o1
0.002 0
W, = (41)
0  0.002
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Table 1 Results of high-order regulation optimization, ¢» emphasized

Norm wo, w2, w3, w3, Wy, W4,
lluijlli 9.9213e—002  2.2938¢—003  1.2073e+000  6.2458¢—002  5.5229¢—001  1.8609¢—002
llusjlli  3.0784¢—003  9.8004e—002  9.9599e—002  8.2745¢—001 1.9638¢—002  4.3292¢—001
o1l 7.8445¢—004  1.6366e—005  1.9843e—003  4.5598¢—005  3.3946e—003  1.2500e—004
g2l 2.3028¢—005 2.0017¢e—003 5.8119e—005 1.9601e—003  1.9438—004  2.6655¢—003
Table 2 Results of low-order regulation optimization, ¢» emphasized
Norm wo, w2, w3, w3, Wy, W4,
lleer Il 9.8540e—002  1.0292¢—003  2.9745¢—001 1.6155¢—002  3.3758—001  4.4295¢—003
eeajlls 1.1517e—003  9.8549¢—002  2.2786e—002  2.9437¢—001  5.2493¢—003  2.8634¢—001
Il 1.4556e—003  4.9506e—005 1.9708¢—003  2.0350e—005 4.6562¢—003  2.0542¢—004
g2l 6.8490e—005  1.4472e—003 2.3190e—005 1.9710e—003  3.3217e—004  3.9526e—003
0.06 T T T T T T T T T T ' T T T T T T T
0,05} 1 1
004t 0.8k et J
4
5 ]
g 5
0 0.03F 206 1
= 2
z s
- 3
<
0.021 0.4 1
0.01F 0.2 b
00 0.‘01 0.;)2 0.63 0.64 0.65 0.66 0.2)7 0.2)8 0.69 0.1 00 0.2)1 0.2)2 0.63 01)4 065 OAIOG 0.2)7 OAE)B 0.;:)9 01
Time (s) Time (s)
Plant outputs Actuator demands

Fig.2 Optimal results for the LSS tracking optimization.

The plant uncertainty was expected to be significant, given that
the model was a reduction from a considerably larger one. For the
sake of discussion, different uncertainty profiles were used on the
two input channels
Wy, (s) = (s + 10)/(s + 400) Wy, (s) = (s +20)/(s + 500)

(42)

These specify similar higher-frequency uncertainty, but the low-
frequency characteristics are different. The W, weighting matrix,
therefore, had the following representation, which was then dis-
cretized

1
Wa(s) = 52000 + 500)
[+ 1006 + 500) 0 )
0 (s +20)(s + 400)

[lw4lle was needed before the objective weightings could be cho-
sen to make k3 and kg the correct magnitudes relative to the other
;. This was found in the same way as for the SISO case

walleo = 1Walloo + llelloo (44)

where the co subscriptrefers to the /o, norm. || Ws||w is 0.1 in both
input channels, and the maximum optimal actuator demand is 1
in the first channel and 0.8 in the second. Allowing actuator de-
mands up to roughly 1.4 and 1.6, respectively, for regulating the
disturbances, etc., then || Wyl| o is approximately 2.5 in both input
channels. We emphasized the tracking error more heavily than the

actuator demands (this time 1000 times greater) using the following
objective weightings

K =1 =1 K =25

r = 1,000 s = 1,000 K = 2,500 (45)

Two regulation optimizations were performed. The first was
solved with N, and D restricted to 150 terms in their polynomial
entries and r =/ =1. The W; filters were also replaced with their
impulse responses, giving W;, = 1. This removed all conservatism
in the results. The second optimization used r and / obtained from
the coprime factorizationalgorithmoutlined in Refs. 2, 3, and 9, and
the ch and D¢ polynomialentries were restrictedto five terms. The
degreeof conservatismexhibitedby this low-ordersolutionwas very
high, with the conservative objective norms ranging from 100 up to
10,000times greaterthan the true values (as found by taking/; norms
of the impulse responses of the norm transfer functions). The uncer-
tainty constraintwas relaxed becauseit was observedthat the true u,
norm was less than 1, even though the equivalentconservativenorm
was not. Despite the high degree of conservatism, the true norms
were comparable with the high-order, exact optimization results.
The norms for these optimizations can be seen in Tables 1 and 2.

Simulations were performed with both the high- and low-order
controllers using a perturbed plant model. To ensure that the per-
turbed model was within the uncertainty set (||A]l; < 1), A was
taken to be 0.5. The disturbances and sensor noise were generated
by passing white noise through the W, and W; filters, respectively.
The results of Figs. 3 and 4 show that good tracking accuracy was
maintained despite the high level of disturbances and the inaccurate
plant model, but the actuator demands of the high-order controller
were far more excessive than those of the low-order controller.
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Fig. 3 Simulation with high-order controller, ¢ emphasized.
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Fig. 4 Simulation with low-order controller, ¢ emphasized.
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Fig.5 Simulation with high-order controller, less ¢» emphasis.
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Table 3 Results of high-order regulation optimization, less ¢» emphasis
Norm wo, w2, w3, w3, Wy, W4,
lluijlli 9.5738¢—002  2.3965¢—004  7.3546e—002  4.7308¢—003  6.5756e—002  6.1036e—004
llusjlli  5.0610e—004  9.5712e—002  6.6214e—003  7.7715e—002  1.4650e—003  5.2663¢—002
loi;lli  4.2534e—003  3.5877¢—005 1.9148¢—003  8.0648¢—006  4.5811e—003  1.4003¢—004
g2l 4.5752¢e—005 4.4032e—003 1.3683¢e—005 1.9142e—003  2.2415¢—004  3.3283¢—003

Therefore, a second set of regulation optimizations with a lower
emphasison ¢ was performed,this time with x;, = 100, ks = 100, and
ks = 250. The low-orderresults were exactly the same as before, but
the high-order controller showed much improved actuator activity
and slightly better tracking accuracy (see Fig. 5). This was expected
because the actuator norms, in particular, were much lower (see
Table 3).

Note that, as was the case in the SISO example of Ref. 1, the
regulation optimizations were solved by converting them to their
dual linear programs first. This was necessary because the problems
as formulated proved numerically difficult to solve. Unlike the SISO
example, however, the tracking optimization did not require this
step, although the feasibility tolerance had to be relaxed a little to
reach a solution. The dual tracking problem did not require this to
be done.

VI. Conclusions

The method of Ref. 1 has been successfully extended to plants
with any number of inputs and outputs. Conditions ensuring that the
controller stabilizes the system have been derived, including a proof
based on the small gain theorem for multiplicative plant uncertainty
with the two-degree-of-freedomcontrollerarrangement. It has been
shown by the numerical example that the method is effective in
generating controllers for real-world environments, even where the
plant model is not exact. The results also show that both low- and
high-ordercontrollerscan be successfullyformed and used to obtain
good system performance.

Appendix: Operator Notation
For col;(a), extract the ith column of a

coly(a)
col(a) = | coly(a)

For D(a, D), a is a diagonal matrix and b can be any matrix. The
operator multiplies the entire b matrix by each diagonal element of
a in turn, storing the results diagonally. The definitionis best shown
by example:

allb

022b

For £(a, i), expand each element of the matrix a into an (i Xi)
diagonal submatrix. The result will have i times as many rows and
columns as the original @ matrix. For example,

1 2
1 2 1 2
£ ,2 )=
(EHDE P
3 4

S(a, b)issimilartoD(a, b) exceptthata is a vectorand the results
are stored side by side instead of diagonally.For example, if there are
g elements in the a vector, the result becomes [a,b, ayb, .. ., a,b]

For &(p, k), there are p blocks (side by side) of p rows, each
consisting of k 1’s. For example,

1 1 1 1
1 1 1 1 1 1

For (x ), convertpolynomial matrix x to its numerical convolution
equivalent. For example, if a- f are second-order polynomials and
the matrix convolution

1
5(2.3)= [

[a b7 (e
kv
is to be converted into a numerical operation, then
Ca by -
a; ao by by
a, a, ay b, by by
a a by, b
a b a, b,
< |:c di| > - Co dy
(ST di do
c, ¢ ¢ dy dy dy
(S| d, d,
L & d |
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